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Motivation Preliminaries

Risk Measures

@ VaR, and Expected Shortfall.
@ Ruin Probability.

© Expectation with respect an utility function.

Begofia Fernandez () VaR Ito noviembre, 2009

2/30



Motivation Preliminaries

VaR, and Expected Shortfall
e If Xisar.v. VaR,(X) is defined by
VaR.(X) = inf{fze R|P(X > 2z) <a}
= inf{ze R| P(X < 2z)>q},
a=1-4q.
@ Basel Accords regulate the credit institutions. One criteria is VaR,,

1 — a = .99, where X represent the loss. The institutions must be
covered for losses inferior to this quantile.

@ Expected Shortfall

E[X — VaRa |X > VaR,]
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Preliminaries
Difficulties

Estimation of very small probabilities. Different Methods:

@ Variance Reduction.
© Bayesian
© Extreme Value Theory. (Embrechts et al.)

For independent r.v. and for some kinds of dependence
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Motivation Preliminaries

Ruin Probability in Insurance
@ Cramér-Lundberg Model:

N
Xt:X—FCt—ZYi

i=1

Ruin Probability = P[X; < 0,p. a. t > 0] = ¢(x)

@ Find x such the ruin probabilty V(x) < g.
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Motivation Preliminaries

Survival Probability = §(x) =1 —(x)

910 = 2500 - 2 [ st )ity

If the r.v. . Y; admit Laplace transform

Cefex < ¢(X) < eféx
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Motivation Preliminaries

Optimization w. r. Utility Function

@ Utility function U, represents the risk aversion. (Concave
Functions).

E[UX)]
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Stochastic Processes

If we have a stochastic processes X;, t € [0, T] that represents the
wealth or the price of a finantial asset, what is the random variable we
choose to calculate the Var?

@ Foreach t € [0, T], X;. Levy Processes. Important property
independent and stationary increments.

@ Some kind of Dynamic Var (Mc-Kean, Embrechts et al.) for time
Series.
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The General Model

Let B;, t > 0 be a Brownian Motion and N;, t > 0 a Poisson Process
independent of B.M.

t t Ny
x,:x+/ a(s,st)st+/ b(s,w, Xs)ds + 3 77— Yi, t >0,
0 0 =
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Motivation Preliminaries

@ Estimates of VaR and expected shortfall for processes without
jumps.

@ Estimates of VaR and Ruin Probabilities for the General Model.
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Preliminaries
Joint work with Laurent Denis and Ana Meda.

dXi = b(t, Xp)dt + o(t, Xp)dW;, t >0, Xo=m (1)

We can take as our r.v X; for t > 0 fixed.

@ Estimates for the density (when it exists) of X; can be used to
obtain bounds for the VaR and the expected shortfall. In general,
these are lower estimates. (Bally, V. Talay, D).
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Motivation Preliminaries

For t € R, fixed
X = sup Xs

0<s<t

VaR!, , =inf{z € R, Pn(X{ > 2) < a}.

E[X{ — VaR}, . |X; > VaRf, ] = E[X{ |X; > VaR}, ] — VaR},,
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Preliminaries
Main Idea

Obtain upper and lower bounds for the tail distribution of X, under
some conditions of the coefficients and then

Q VaRri,..
@ Expected shortfall.

© The toy models.

Begofia Fernandez () VaR Ito noviembre, 2009 13/30



Preliminarios
Toy Models

@ Geometric Brownian Type

dX; = by Xidt + o1 X dW.

@ Cox-Ingersol Ross (Positive Process):

dX; = (b— cX;)dt + Va /X, dW;, b,c,ae Z*
© Vasicek Type Model

aXi = (B — uXp)dt + ocdW;, p,0 € RT,B€R.
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Preliminaries
Hipothesis (UB):
@ b(t,z) < b*, b* > 0.
Q |o(t,2)| < Va*(zt),a* > 0,v€[0,1).

@ Geometric Brownian Type Model We will take
0_2
Yy = |Og(Xt), dY; = (bt — ?t)dt + ordW,.

@ Cox-Ingersoll-Ross (Positive Process)
b(t,z) = b—czt <b=0b*, o(t,z) = Va/|z|
© Vasicek Type Model
Y, = ehnsdsx, gy, = Belorsdsgt + celorssaw,
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Motivation Preliminaries

Lemma

Assume (UB) then fort > 0, z € R we have

Po(X; > 2) < 23 ((Z‘m‘b*’)+) |

vartzy

where
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Preliminaries
Proof

If z> m, then we can assume
Forally > z, a(y) = a(z).

S

P(Xf>z) < P(sup o(Xy)dWy, > z— m— b*t)
s ~
Rs — / U(Xu)dWU, Rs — B<R7R>S, B, BM
0

P(X{ >2) < P(sup Bigp, >2z—m—b't)
0<s<t

< P( sup By>z-m-b't)

0<u<a*tz?v
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Preliminarios
Upper Estimates

Theorem

Assume (UB). For each 0 < f,
VaR},, <r,

where r is the unique root in [b*(t) + m, +oo[ of the equation

27\ a (t)d 1 (a/2) — m— b*(t) = 0.
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Motivation Preliminaries

Corollary
Assume (UB)
@ Geometric Brownian Type. Assume bs < b*, a, < o < a*:

VaR;na < met(b*f%)++m&>(%)
Q@ CIR
1
VaRh, < m+ b+ 5a'(3712(a/2)

+ %6—1 (a/2)y/a(31)2(a/2) + 4(m + b)

© Vasicek Type Model iy =

VaRy, , < m+ pe' + eMoVtd 1 (a/2)
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Motivation Preliminaries

Proposition
Assume (UB)

2 [  _ [(z—m-b")*
E(X;|X; > VaR! </ d><>dz
( I’ [ — m,a) = VaR,’,,’a \/?Z'Y
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Preliminarios
Hypothesis LB

Forallze R, t> 0,
@ b(t,z) > b,, b, <0.
@ o(t,z) > a., a. > 0.
Lemma
Assume (LB). Thenforallze Ryt >0,

- ((z—m—b.t)*" .
29 ( NER] ) < P(X{ > 2).
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Motivation Preliminaries

Theorem

Assume (LB). Then, for all t > 0,

VaR!, .(X) > m+ b.t+ \/atd 1 (a/2).

Corollary
Ifv=0, i.e. o bounded,

VaRy (X)) < m+ b*(t — 8) + /a*(t — 8)®~ " (a/2).
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Motivation Preliminaries

X Geometric Brownian Type.
aX; = by Xedt + ar X;dW;.

Yi =In(X;), forallt>0

o3

t t
Y = In(m) +/ 05 dBs +/ (bs — = )ds
0 0 2
If there exist constants 0 < a, < a* and b, < b* suchthatt >0
b, < b < b*and a, < 0? < &,

thenforallz>Inmandt>0

P(X{ > z) <2 <(Z—|nm— t(b* — ag)+)+> |

vaxt

~((z=Inm—tb, —&)")*+
Vat
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Grellulizics
Aplication

Consider a Russian option, on a Geometric Brownian type process.
Let t > 0 be expiration time. The pay-off is given by

fs = Mo \/ sup Xy.

u<s

If My is fixed, Pm(X; > M) is the risk for the writter.

We can use the VaR to fix the value M.
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Grellulizics
Dynamic VaR

X;,t = sup X,
s<r<t
We want to measure the VaR of X{, given that the process X
exceeded VaR$
This would help to know how risky the future is (up to time t > s), given
that you already exceeded VaR in the past.
In a natural way we define
VaR: (X) =inf{z € R, Py (X < 2|X: > VaRS,,) > q} .

«

Begofia Fernandez () VaR Ito noviembre, 2009 25/30



Motivation Preliminaries

Theorem
Assume the process X has the Markov property, then
var™ (X) < r,

where r is the unique root on [b*t + VaRy, ,, +oo[ of the following
equation:

z—21Vatd ' (a/2) - VaRS,, — b't = 0. )
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Motivation Preliminaries

Proof

Pe (Xse = 2. = VaRs ,(X))
Pu(Xs = VaR; (X))

Py (X5t > zIXs = VaR; (X)) <

We now introduce
T =inf{u>0, X, = VaR; ,(X)},

denote by p the law of T under Py. Then
S
Py (X2 > 2, X2 > VaRS (X)) = / Py (X2, > 2|T = r) u(ar)
0
S
< / Py (X;( = 2|T = r) pu(alr)
0

S
= | Pramg o0 (X > 2) )
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Motivation Preliminaries

/ Pvars . (x) (Xi_r = 2) p(dr)
(2 VaRE \(X) — b*(t - 1))*
B /o 20 < va(t—r)zv ) wlar)

_ ((z— VaRs ,(X) - b*t)*
< 20 ( N ) P«(T <s)

_ 2% (z—VaRf(’a(X)—
vaxtzy

brt)*
) ) Pe(X: > VaRE (X)),

So,

_((z- VaRS (X) — b*t)*
* > * > S < )
Py (X%, > 21X; > VaRs (X)) < 2 ( N :
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Motivation Preliminaries

As previously, for v = 0 or v = 1/2 we are able to calculate this bound
and this yields:

Corollary
(i) Ify =0, that is o bounded, there is the following estimate:
VaR:'(X) < VaRS(X) + bt + V& 1d~"(a/2).
(i) Ify=1/2 we have:

Var® (X) < VaR; (X) + bt + %a*t(qr‘ )2 (a/2)

ki

+%¢— (a/2)\/at (a*t(6~1)2(a/2) + 4(VaRS,.(X) + b

V.
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Motivation Preliminaries

Thanks
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